The mode-I crack problem in a piezoelectric solid is re-visited by considering surface electrostatic force (Maxwell stress) along crack faces and at infinity of the solid. Using the permeable and semi-permeable crack models, the solutions for the electric field inside the crack, the intensity factors of fields and the crack opening are derived based on the complex variable method. Numerical results are also given. The results show that when the interior of the crack and the surrounding space at infinity are filled with different gases, the Maxwell stress can either enhance or retard crack growth.
Introduction
Fracture mechanics of piezoelectric materials has been studied for decades, but where are we right now? Kuna recently gave answers to this question in a review paper (Kuna, 2010) . In fact, one of the differences between piezoelectric fracture mechanics and conventional fracture mechanics is the electric boundary condition along crack faces since electric field exists inside the crack. That is, the crack now has to be modelled as an 'electric inclusion'. Similar to solving the inclusion problem in traditional materials, there are two approaches usually applied to solve the problem of the electric inclusion. One approach is to take the inclusion and the matrix as a whole system, and then to study the system based on energy principles (Gao and Fan, 1999; McMeeking, 2004; Zhang and Tong, 1996) . In this case, the interacting force between the inclusion and the matrix belongs to internal force, and the effect of the inclusion is reflected by the energy stored inside the crack. The other approach is to separate the inclusion from the matrix, but leave surface electrostatic force produced by the inclusion on the matrix, and then study the matrix only. In this case, the effect of the stored energy inside the crack is reflected by the surface force. Under strict derivations, the above two approaches should lead to the consistent results. Gao et al. (2004) proposed a crack-bridging model to investigate the effect of Columbic force on piezoelectric fracture. In their work, the crack was treated as a vacuum-parallel plate capacitor, and the electrostatic traction between the upper and lower crack faces was calculated by using Columbic law. However, they only considered the interaction between a pair of charges located face to face on the upper and lower crack faces in calculating the surface electrostatic traction and thus their result was approximate. Starting from Hao-Shen's electric boundary condition (Hao and Shen, 1994) , Landis (2004) presented the energetically consistent mechanical boundary condition by using the crack profile after deformation and adding the Maxwell stresses along crack faces. Li and Chen (2008) studied the effects of the Maxwell stress along crack faces on piezoelectric fracture. Ricoeur and Kuna (2009a) derived the general relation describing electrostatic stresses at interfaces between dielectric bodies exposed to electric fields, and then used their results to investigate the influence of the electrostatic stresses on the fracture mechanics of piezoelectric materials (Ricoeur and Kuna, 2009b) .
However, it should be noted that when a dielectric solid with cracks is exposed to electric fields, the surface electrostatic stresses exist not only on the crack faces but also on the outside surface of the solid. In the present work, we will discuss that if the surface electrostatic stresses (Maxwell stresses) on the outside surface of the solid are also taken into account, what will happen to the fracture behaviour of piezoelectric materials under electric and/or mechanical loading.
Outline of basic equations
In a rectangular coordinate system x j (j = 1,2,3), all field variables are independent of x 3 , and the generalised displacement vector u and generalised stress function vector φ are expressed by
where the superscript T is the transpose, u j is the displacement, ϕ is the electric potential and φ j is the generalised stress function.
Then, the general solution for u and φ are given by (Ting, 1996) 
where A and B are two known constant matrices, f(z) is an unknown complex vector, and z = x + iy is a complex variable. , , , ,
Taking differentiation of equations (1) and (2) with respect to x 1 leads to
where
Consider a crack in the piezoelectric solid ( Figure 1 ). The solid is exposed to air, and the crack is filled with air. In addition, it is assumed that mechanical stresses According to equation (5), the boundary condition of generalised stresses is
The solution for equation (6) has been given in many references, e.g., in Li and Chen (2008) , and the final results can be summarised as follows:
Electric potential difference across the crack:
Crack opening:
Intensity factors of stresses: (Ricoeur and Kuna, 2009a) .
where ε v is the dielectric constant of the environment (air).
To study the effects of Maxwell stresses, we replace 22 
and 2 0 2 2 2 22
Equations (14)- (17) are the results after taking the surface electrostatic forces into account. In all the results, the unknown variable is 0 2 D . However, the application of different electric boundary conditions will lead to different values of 0 2 D . Based on three crack models, we analyse and discuss, in the following sections, the effects of an applied electric load on piezoelectric fracture by both considering and not considering the surface electrostatic forces.
Analysis

Permeable crack model without considering surface electrostatic force
In this case, the electric boundary condition on the crack faces is
where E 1 is the tangential component of electric field. , .
When an electric load is applied solely, one has 0 2 2 2 , 0 , 0 .
Equations (19)- (22) are all well known and are listed here again for comparison with other results based on the following crack models.
Permeable crack model that considers surface electrostatic force
In this case, the electric boundary condition on the crack face is still given by equation (18). With equations (14)- (17) and substituting ∆φ = 0 into equation (14) 
Equation (23) 
Inserting equation (24) into equation (15) 
When the electric load is only applied, equation (23) 
The solutions to equation (26) 
Consequently, the crack opening and intensity factors, calculated from equations (25), (16) and (17), are null, i.e.,
When combined mechanical-electric loads are applied, equation (23) 
The roots of equation (30) 
Generally, 
On the other hand, using the following identities
one has from equation (25) 
Then, the crack opening, ∆u 2max > 0, requires a mechanical load satisfying the condition:
Semi-permeable crack model that considers surface electrostatic force
In this case, the electric boundary condition on the crack faces can be expressed as (Hao and Shen, 1994) (14) and (15) into (35) 
For the case where an electric load is solely applied at infinity, equation (36) 
Equation (37) can be reduced to 0  22  22  2  2  2  42  2  24  44  42 2   1 
The real root of equation (38) 
For the case where the combined mechanical-electric loads are applied at infinity, equation (36) 
where H 42 = H 24 is applied. Equation (42) is a cubic equation, and its general solution can be found in textbooks. In general, it has three roots, but only one root, which leads to a positive crack opening displacement when a sole mechanical load is applied, is physically acceptable. Hence, once 0 2 D is determined from equation (42), the intensity factors of fields can be calculated. It is interesting that the above three crack models result in three different equations concerning 0 2 , D and these equations are linear, quadratic and cubic, respectively.
Numerical examples
In the following numerical examples, we take a = 1 cm, ε v = 8.85 × 10 
Shown in Figures 2-4 When the applied electric load increases, the values of the three variables all increase based on the three crack models, but the value obtained from model 3 increases quickly. D has a jump as the applied mechanical load increases when the Maxwell stress on the crack faces is considered, but it flatly changes when the Maxwell stress at the outside surface of the solid is also taken into account. Moreover, it can be seen from Figure 9 that if the Maxwell stress is considered only on the crack faces, the initial mechanical load for crack opening is necessary, but it is unnecessary when the Maxwell stress at infinity is also taken into account. Similar is the changes of K I as shown in Figure 10 . When the mechanical load is given, Figures 11-13 show the changes of 0 2 , D ∆u 2max and K I with the applied electric load based on the model 3, respectively, for the cases that do not and that do consider the Maxwell stress at infinity. It is found from Figure 11 We re-visit the mode-I crack problem in a piezoelectric solid based on the complex variable method. Comparisons are made for the results obtained from the three crack models: permeable crack model that does not consider surface electrostatic force, and permeable crack model and semi-permeable crack model that consider surface electrostatic force. It is found that for the above three models, the electric field inside the crack, crack opening and intensity factors of fields are all same when only the electric load is applied at infinity. That is, the surface electrostatic force has no effects on piezoelectric fracture when it is considered at the whole surface of the solid. However, for the case of combined mechanical-electric loads, the three crack models may lead to very different outcome. Additionally, it should be noted that in the present work, the crack is assumed to be filled with the same gas (air) as that at the surrounding space at infinity; however, if such is not the case, different conclusions from the above may be reached.
